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Abstract

This supplementary material contains the proofs of Lemma 3.4, 3.8 and 4.4 of

the paper.
First of all, we will follow the basic approach of [2, Lemma 6.1] to prove Lemma 3.4,
which compares the sharp counting function with its delta approximation smoothed

on the scale 7.
Proof of Lemma 3.4. Recall (3.40) of the paper, we have <« t < Ey — E~ <

/ E”_xwy)dy] | (s1)

E-—x

%N_Q/S"“. Furthermore, for x € R, we have

Xp(z) — X 05 (a)] = '( JECEE

Denote d(z) := |x — E~| 4+ 7 and dy(z) := | — Ey| + 7, we need the following bound

to estimate (S1).
Lemma 0.1. There exists some constant C' > 0, such that

_| By — E~ Xg(v) }

X — Xg * U5 <C .

o)~ 2+ 050 < OO | 2 + G
Proof. When x > Ey, we have

r—FE~ 1 ,"7 r—FE~ 1 277?/
Xx—X*19~ac:~/ ~cl:/ — + - ——d
e R T Il Rl A ey Py T
<c Ey— E~

ﬁdU(:c)d(:c)'

Similarly, we can prove when z < F~. When E~ <z < Ey, we have

< Ol O gy Pu—B 2
Xp(@) = X+ a(@)| < T + gy =€ bmma@+dw@ﬂ@’

<

where we use (3.12) of the paper. Therefore, it suffices to show that

iy () + d(e)) = By — B +23)

(52)

du(@)d(z) > i
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An elementary calculation yields that dy(x)d(z) > 7(Ey — E~ + 1), which implies
(S2). Hence, we conclude our proof. O
For the right-hand side of (S1), when min{d(x),dy(x)} > t, it will be bounded
by O(N—3€%€); when min{d(z),dy(x)} < t, then we must have max{d(x),dy(z)} >
(Ey — E7)/2, therefore, it will be bounded by a constant ¢ as min{d(z),dy(x)} > 7.
Therefore, by using the above results for the diagonal elements of (01, we have

| Tr X(Q1) — Tr X * 19,7(@1” <C [Trf(Ql) +cN(E™ —t,E~ +1t)+ N_3E°+EN(E_ +t,Ey —t)

M
+cN(By —t,Ey +t) + N3N (By +t, ag—2) + Z Xp x05((Q1)i)1((Q1)i > agk—2) | ,
. (53)
where f is defined as
_ (Ey —E7) -
f(x) = Ao @)@ 1z < E™ —1t).

As we assume that € < ¢y, by Assumption 1.2, (2.20) of the paper and the fact €; < e,
with 1 — NP1 probability, we have

N(Ey —t,Ey +t) =0, N(Ey +t,as,_2) =0, N(E~ +t,Ey —t) < N,
On the other hand, when (Q1);; > asi_2, by Assumption 1.2 of the paper, we have
(Qu)ii—FE 1 (@)ii—E~ 1 7
X 05((@u) =7 [ i< [ Ly < L N-1/sresa,

where 7 is defined in Assumption 1.2 of the paper. Hence, we have Zf\i 1 X *
95((Q1)i)1((Q1)i > agk—2)) < CN~L/3+e=9% Therefore, (S3) can be bounded in
the following way

[ Tr Xp(Q1) — Tr X+ 05(Q1)| < C(Tr f(Qu) + N(E™ —t, B~ +1) + N~2),

To finish our proof, we need to show that with 1—N—P1 probability, Tr f(Q1) < N 26,
By (6.16) of [2], we have

f(x) -
—————— < C(g*)(E~ —x),
where ¢(y) is defined as g(y) := ﬁ Recall (2.6) and (3.34) of the paper. We have

iT1r19,5(Q1 —E7)= %Immg(E_ +it).

N
Hence, we can obtain that
- _ 1 _ .
R
1 €
<CN1/3+€~/1 E- —y+it d S4
< T ] pplmm(E —yri 4l (59
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where we use (2.16) of the paper. It is easy to check that

CN*1/3+6+617960 / 1 1

t
7d < CN4/3+6+61960t2/
L2 2Nt S

dy < N~%,
el

(S5)
Next, we will use (3.42) of the paper to estimate (S4). When E~ —y > agi_1, we
have

y2

Imm(E~ —y+it) <C\/t+E~ —y — ay_1.
Denote A :={E~ —y — agi_1 > t}. Then we have

- ~ 1/2 - 1/2 - 1/2
/ Imm(E ?J‘Ht)dy < C/ ly|"/* +|E agk—1| dy < CO( 1 |E agk—1]
A R

Y2+ 2 V2t 2 YRRy éG)
mm(E~ —y+i
/ mm(yZ + tzy i) dy < Ct™1/% (57)

The other case can be treated similarly. Therefore, by (S4), (S5), (S6) and (S7),
we have proved Tr f(Q1) < N~2% holds true with 1 — N~ probability. Hence, we
conclude our proof. O

Next we will follow the approach of [3, Lemma 3.6] to finish the proof of Lemma
3.8. A key observation is that when s = 0, we will have a smaller bound but the total
number of such terms are O(N) for z(E) and O(N?) for y(FE). And when s = 1, we
have a larger bound but the number of such terms are O(1). We need to analyze the
items with s = 0, 1 separately.

Proof of Lemma 3.8. Condition on the variable s = 0, 1, we introduce the following
decomposition

M+N

WE) =N X (s = 1(({m v} 0 g} £ 0) U ({k = m}),
k=M+1, and #u,v

~ Ey
i) =1 [ 575 Xaau(B + 0)dEL(s = 1({5 = i} U (b = i }))
k B4k

Az, Ays can be defined in the same fashion. Similar to the discussion of (3.64) of the
paper, for any E-dependent variable f = f(F) independent of the (i, u1)-th entry of
X there exist two random variables As, A3, which depend on the randomness only
through O, f and the first two moments of XZ-C;I, for any event , with 1 — N—D1
probability, we have

BB (B (E)E - 42[ 1) < || L)ooV,
I

|]E’)/Ays(E) - A3’ < N_11/6+CEDN—25/3.

);
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In our application, f is usually a function of the entries of R (recall R is independent
of V). Next, we use

o] / 25 q(y%)dE] = 0] / (2% + Azo + Az )g(yP + Ago + Ay )dE].  (S8)
I I

By (3.60), (3.61) and (3.62) of the paper, it is easy to check that, with 1 — N~
probability, we have

/ |A$5(E)’dE < N*5/6+CEON*28/3+t’ |Ay5(E)] < N*5/6+CEON728/3’ (Sg)
I

/ 2(B)dE < NO%, |y(E)| < NO%, (S10)
I
By (S8) and (S9), with 1 — N~P1 probability, we have

0l /I Sq(y5)dE] = 6] /I 2™ + D (Ago + Ay + " (5 (Ago)?)dE] + o(N2).
Similarly, we have (see (3.44) of [3])
0l / 5q(5)dE] - 0] / Po(y®)dE] = 0 / Py dE]

I I

X [ /I ((Azo + Az1)q(y™) + 28 (y™) (Ayo + Ayr) + Azod (y") Ay + 27¢" (y7) (Ayo)?) dE]

e / Fy(yR)dE)| / (Azog(y®) + 274/ (4F) Ayo)dE]? + o(N2+1). (s11)
I I

Now we start dealing with the individual terms on the right-hand side of (S11). Firstly,
we consider the terms containing Azq, Ay;. Similar to (3.64) of the paper, we can
find a random variable A4, which depends on randomness only through O and the
first two moments of Xi(im such that with 1 — N~P* probability,

= o( N7,

E, /(Axlq(yR) + 2P (y") Ayr)dE — A4
I

Hence, we only need to focus on Azg, Ayy. We first observe that

N
Am‘o(E) = 1(t = 0)777 Z AXMV,]C(Z)7
kv, 1

- Eu
Ago(B) = / S S AXgua(E + ii)dE.
BTkt Bk,
Denote A:cék) (E) by the summations of the terms in Axzy(E) containing k items of
Xﬁl. By (3.46), (3.60) and (3.61) of the paper, it is easy to check that with 1 — N—D1
probability,
’Ax(o?’)‘ < N—7/6+C'eo, \Ay(()3)| < N—11/6+Ceo. (812)
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We now decompose AX,, ;. into three parts indexed by the number of Xgl they
contain. By (3.46), (3.60), (3.61) of the paper and (S12), with 1 — NP1 probability,

we have

AXp=AXxD 1 Ax® L AxB) | o300y

pvk v,k pv,k
Azg = Azl + Al + Azl + O(N—5/3+Ce0), (S13)
Ayo = Ayl + Ay + Ayg? + O(N T/ Ce), (S14)

Inserting (S13) and (S14) into (S11), similar to the discussion of (3.64) of the paper,
we can find a random variable As depending on the randomness only through O and

the first two moments of Xz%u such that with 1 — N~P probability,

.00 +%0(s°)aE) ~ 0] | a"a(y™)aE]

= Ew’[/l Pq(y")aE|| /I Axq(y") + 2" (") Ayg? dE] + As + A5 +o(N ).
Lemma 3.8 will be proved if we can show
B0’ [ o"a(yaEll | Acfa(s™) + 2" (") Mol dE) = oV ),
Due to the similarity, we shall prove

o / Py dE]| / Az q(y)dE] = o(N"2),

the other term follows. By (3.3) of the paper and (S10), with 1 — N~ probability,
we have |BE| := |0'[[, 2fq(y")dE]| < N9, Similar to (3.66) of the paper, A:c((]3) is
a finite sum of terms of the form
1(t - O)NTI Z R#k(ai)3/2 (X5L1)323/2RV01 RbI(lQRb2a3Rb3k‘ (815)
k#“‘?”vul

Inserting (S15) into [; Ax(()g)q(yR)dE, for some constant C' > 0, we have

’EH'[/ qu(yR)dE] [/ Ax(()?’)q(yR)dE]' < N7¥/6+C max sup ‘EBRRukalRikq(yR)‘ + O(N_Z).
I I k#uv,u per
(S16)

Again by (3.60), (3.61) and (3.62) of the paper, it is easy to check that with 1 — N~
probability, for some constant C' > 0, we have

| R R Rik B 4(y") = Sy S B a(y®)| < N7/,
Therefore, if we can show

|E5uksuu1 SikBSQ(yS)‘ < N_4/3+CEO7 (S17)
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then by (S16), we finish proving (). The rest leaves to prove (S17). Recall Definition
2.3 and (3.57) of the paper, by [4, Lemma 3.2 and 3.3|(or [1, Lemma A.2]), we have
the following resolvent identities,

SHMl SﬂlV

S}S/#) = S — S Wy vV F# e, (S18)
Sy = 2SS (V1 SV 1), o # v (S19)

y (3.61), (3.62) of the paper and (S18), it is easy to check that (see (3.72) of [3]),

1Sk Sy Se B a(y®) — S48, SH (BS) (%)) < N4+ ($20)

Moreover, by (3.73) of [3], we have

S8, SE (B q((y™) 1)) = (S S Boq(y®) S, (S21)

As t =0, by (S19), we have

Svp, = zm(z mm Z S o) vp(Yo—1) g, +2(Sun— S;(ﬁm Z S(Wl Jop(Yy=1)qus -

(S22)
The conditional expectation E, applied to the first term of (S22) vanishes; hence its
contribution to the expectation of (S21) will vanish. By (2.19) of the paper, with
1 — NP1 probability, we have

1S, — m(z)] < N1/3+Ce, (S23)

By the large deviation bound [4, Lemma 3.6], with 1 — N~P+ probability, we have

uul) 1/2
Wl wp(Ye—1)gqu, | < N© g % N = : (S24)
By (2.19) of the paper and (S24), with 1 — N~ probability, we have
Z S(Wl Jop(Yy—1)gpu, | < NG, (525)

Therefore, inserting (S23) and (S25) into (S21), by (2.19) of the paper, we have

Sy Supn S (B))q((y%) )] < N—H/5+Ce,

Combine with (S20), we conclude our proof. O
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Proof of Lemma 4.4. It is easy to check that with 1 — N~Pt probability, (3.39) of
the paper still holds true. Therefore, it remains to prove the following result

BV [ Gl B+ina(Tr Xe(@) =BV O [ G (B ima(Tr 2(Qu))dE) = o(0).

(S26)
We first observe that for any x € R, we have

0, z € [E,Ey|U(—oco, ET —nq) U (Ey + ng, +00);

|Xe(z) = fr(2)] = {!fE(x)!, z € [E~ —ng, E7) U (Ey, By +14).

Therefore, we have
| Tr Xg(Q1) — Tr fe(Q1)] < m;?x‘fE(x)‘ (N(E™ =14, E7) + N (Ey, By 4+ n4)) -

By Lemma 2.3 of the paper, the definition of 1y and a similar argument to (3.44) of
the paper, we can finish the proof of (S26). O
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